We present a fast method for modeling three-dimensional low frequency controlled source electro-magnetic (CSEM) problems. We apply the method to the marine controlled source electromagnetic (MCSEM) exploration situation where conductivity and permittivity are different from the known background medium. For 3D problems fast computational methods are relevant for both forward and inverse modeling studies. Since this problem involves a large number of unknowns, it has to be solved efficiently so that the results can be obtained in a timely manner, without compromising accuracy. For this reason, the Born approximation (BA), extended Born approximation (EBA) and iterative extended Born approximation (IEBA) are implemented and compared with the full solution of the conjugate gradient fast Fourier transformation method (CG-FFT). These methods are based on an electric field domain integral equation formulation. It is shown here how well the IEBA method performs in terms of both accuracy and speed with different configurations and different source positions. For forward modeling the solution at the sea bottom is of interest because that is where the receivers are usually located. But for inverse modeling, the accuracy of the solution in the target zone is important to be able to obtain reasonably accurate conductivity values from the inversion using this approximate solution method. Our modeling studies show that the IEBA method is suitable for both forward and inverse modeling.
INTRODUCTION
For three-dimensional diffusive electromagnetic modeling problems, local methods seem to have outperformed global methods in terms of memory requirements and computational efforts. The main reason for pursuing integral equation methods for modeling is that for a large class of problems the modeling domain can be reduced to the target volume. For such problems integral equations are useful, because they are based on primarysecondary, or direct-scattered field separation and allow for several types of suitable approximations. The integral equation uses the unperturbed field as a kernel multiplying the unknown perturbation on one side, with the source of the perturbation on the other side. Fast forward modeling solution algorithms are especially important for solving a parametric inverse problem. Examples of inverse scattering solutions using integral equations can be found in Abubakar & van den Berg (2004) and Gribenko & Zhadnov (2007) . A modification to the original CG method (Hestenes & Stiefel, 1952) is an efficient way for solving integral equation problems (van den Berg, 1984 ). An additional advantage in computational efficiency is achieved when the background medium can be chosen as a homogeneous space or a horizontally layered earth. Then the convolutional structure of the system matrix is exploited by using the FFT routine for fast computation of the discrete convolutions while the background medium is homogeneous (Zwamborn & van den Berg, 1992) and in case of layered earth a two dimensional FFT exploits the convolutional structure in the two horizontal directions.
For low frequencies and a relatively small volumetric contrast, the Born approximation, which approximates the total internal electric field by the background field yields an extremely fast approximate solution (Born & Wolf, 1980, and Alumbaugh & Morrison, 1993) . Thus analysis of Born approximation and extended Born approximation (Habashy et al., 1993) are of interest in solving three-dimensional problems, (Cui et al., 2004, and Moradi Tehrani & Slob, 2008) . In this paper we aim to present two results that can be useful for fast modeling algorithms. The first is to demonstrate improved accuracy of an iterated version of the extended Born approximation, even with a reservoir consisting of two separated compartments, and the second is to show the approximate result is not only accurate at the receiver level, which is usually the sea bottom, but also inside the reservoir, which makes this iterative method suitable as a modeling algorithm for solving the inverse scattering problem.
It is worth to note that in cases where the scattered field only consists of inductive effects at low frequencies, the Born approximation works well and there is no need to use more complex methods with many terms to converge (Habashy et al., 1993) . In the following we give the Born and extended Born approximations. We formulate the iterative extended Born approximation through an integral equation for the electric field. First we formulate the integral equation representation of the electric field everywhere in space. Next we discuss the iterative extended Born approximation and we compare the Born and extended Born approximations and its iterated version with the full solution obtained by the CG-FFT method. We do this for different configurations and different source positions. The numerical results also show the quality of the iterative extended Born approximation method for inverse modeling.
THEORY
We describe the configuration for the both forward source and forward scattering problem, which is depicted in Figure 1 and shows the electromagnetic fields in a configuration of three media, air, sea and ground. Let ID1 be the domain between the first and the second interface. In this medium horizontal electric dipole (HED) sources are present that occupy the bounded domain ID e , which is a member of ID1 and the domain ID2 is the lower half-space. Scatterer domain, which is the reservoir in our case, is called ID sc that is a member of
ID2.
We decompose the total electric field inside the 
The incident field, can be calculated as,
where x ∈ ID sc and J e r is the volume density of electric current considered as 1.
The equation shows that the diffusive electromagnetic field from known sources in a known medium can be calculated in all space once the fields radiated by appropriate point sources have been calculated. Now we formulate forward scattering problem. We investigate the scattering of diffusive electromagnetic fields by a contrasting domain of bounded extent present in an unbounded embedding. Let ID sc be the bounded domain occupied by the scatterer and let σ sc (x) be its conductivity. The embedding exterior to ID sc is denoted ID sc and has a conductivity σ(x). To arrive at the integral equations for the unknown field strengths inside the scatterer, we confine the position of observation to the domain of the scatterer (x ∈ ID sc ), we obtain the integral equation for the electric scattered field in homogeneous layered earth as,
where
is a tensor Green's function and the contrast source function is given bŷ
in which the electric contrast function is given by
From this system of integral equations the total diffusive electric fieldÊ k in the scatterer domain can be obtained by,
′ where x ∈ ID sc . We can solve this integral equation of the second kind through reducing the integral equation to a linear system of algebraic equation, then discretizing this system and approximating the unknown total electric field.
Once the total field has been found for all points inside the reservoir, we can compute the total field at the receiver,
The incident field can be found from equation (2), whereas the scattered field can be written as the following representation,
where x ∈ ID1. For low frequencies, small contrasts and a scattering domain that is small compared to the total domain, we can show that approximating the total internal electric field by the background field gives us almost the same accuracy. The scattered field is then computed at low computational cost. Thus analysis of the Born and extended Born approximations are of interest. In cases where the scattered field only consists of inductive effects at low frequencies, the Born approximation works well and there is no need to use more complex methods with many terms to converge.
If we consider
which means total field strength inside the scatterer equals to the background field then we are using the Born approximation (BA). On the other hand,
and iterative Born approximation would be as follow,
In the following expression which is the so-called Extended Born approximation (EBA) the method is based on dominant contribution of the integral equation at locations where the Green's function is singular, leading to
and
According to Eq.(12) the iterative form of approximating the scattered field while using extended Born approximation would be,
The accuracy of EBA can be increased iteratively as formulated in Eq.(12). Notice that the iterative form of the Born approximation requires the full volume integration over the scattering domain, while the iterative form of the extended Born approximation as formulated in equation (15) only requires a local update at every location in the scattering domain which makes it essentially as fast as the EB method itself. This is why our formulation of the iterative extended Born approximation is so fast. We will investigate on this approach by numerical computations in the next section.
On the other hand the Born approximation is computed at the cost of zero iterations and EBA is computed at the cost of one iteration compared to the full solution with a large number of iterations. The iterative extended Born approximation requires a computational cost of just one iteration of the operator just as the EBA, then we need only local iterations so it has almost the same speed as EBA. We must consider that we have different processing time for the first iteration and the iterations afterward.
Numerical results

Accuracy of IEBA and the number of the iterations
We use the configurations depicted in Figure 2 for the three dimensional numerical examples. Figure 2 shows a layered earth of air, sea and ground with an assumed reservoir. The background conductivity in the ground is 1 S/m and the reservoir's conductivity is 0.02 S/m. Air and sea have conductivity of 0 and 3 S/m respectively. The source is located above the center of the reservoir and situated 25 m above the sea bottom, whereas the receivers are spread in the area of 8×16 km. Depth of water is 1 km and the reservoir is located at the depth of 1 km below the sea bed. Dimensions of the reservoir are 4000×2000×300 m 3 . A single frequency of 1 Hz is used in this example.
In this section we investigate the accuracy of the approximation at the receiver level. Later the accuracy of the method will be investigated at the reservoir level where we need high level of the accuracy for inverse modeling. In all examples horizontal electric field components are used for this study. Figure 3 shows the comparison of the full solution of CG-FFT, Born approximation, iterative extended Born approximation and also the horizontal electric field in absence of the reservoir for the configuration depicted in Figure 2 . In this picture the cross plots are along the source in the x-direction. It can be seen that the iterative Extended Born approximation agrees well with the full solution of CG-FFT. In the next step we zoom in to investigate the accuracy of the iterative extended Born approximation in more detail and analyze the number of required iterations. Figure 4 shows a detailed view of the electric field obtained from full solution of CG-FFT, Born approximation, extended Born approximation and iterative extended Born approximation for different numbers of iterations. The green solid line shows the Born approximation result, which is not accurate in this example. The black dashed line shows the extended Born approximation result that is more accurate than the Born approximation. Results from the iterative extended Born approximation are shown as a purple solid line using 5 iterations and blue dashed line with 20 iterations. At 20 iterations the result saturates and remains constant when the number of iterations is increased. As we can see the iterative method can improve the results without significant increase in time according to the formulations and explanations in the previous section. In practice it takes a few millisecond for computation.
Sensitivity of IEBA to the source position and
the reservoir configuration Figure 5 shows another example similar to the previous one but this time two separate reservoirs have been taken into account instead of one. It is worth to note that this example can be simply considered as a case with a reservoir with different compartments. Dimensions of each of the reservoirs are 1250×2000×300 m 3 . They are located at the same depth level with 1500 m distance. The same configuration and parameters of the last example are also applied for this case.
This example lets us evaluate the accuracy of the iterative extended Born approximation for different sizes of the reservoir in compare with the previous example in section 2.1.1. Furthermore it allows evaluation of the accuracy of the iterative extended Born approximation when we have several resistors close to each other.
In Figure 6 we evaluate and verify the accuracy of iterative extended Born approximation with two different reservoirs, as depicted in Figure 5 . In this plot the results come from the case where the source is located 25 m above the sea bed centered on the two reservoirs. We can compare the responses of the horizontal electric field at the receiver level with the case when there is no reservoir. The iterative extended Born approximation result agrees very well with the full solution even better than the case showed in Figure 3 , because here the reservoir is smaller. Figure 7 shows the scattered 3D electric field at the receiver level in the case of one assumed reservoir and source located 25 m above the sea bed in the middle of the reservoir. The iterative extended Born approximation result is compared with the electric field in absence of the reservoir. Figure 8 shows the 3D scattered electric field at the receiver level with one assumed reservoir and the source located 25 m above the sea bed at the left edge of the reservoir, which means 2 km away from the center of the configuration at the left hand side. The iterative extended Born approximation result is compared with the electric field in absence of the reservoir. Also Figure 9 shows the 3D scattered electric field at the receiver level with two assumed reservoirs and the source is located 25 m above the sea bed above the middle of the reservoirs. Iterative extended Born approximation is compared with electric field in absence of the reservoir.
It can be seen in Fig 8 where we have the source at the edge of the reservoir we have more response compared to the others in Figures 7,9 and 10.
So in more detail the configuration shown in figure  11 gives the biggest response as we mentioned before, but if the source is located above the middle of the reservoir (Figure 12) we have less response.
The minimum response comes from the case when we have two reservoirs and the source is located above the middle in between them (Figure 13 ).
The reason is that the strong direct incident field from source to the receivers along the x-axis does not let us see the response of the reservoir clearly. But responses in the configuration shown in Figure 14 give a bit higher magnitude in comparison with the configuration in Figure 13 because the edge effect enhance the reflection return of the reservoir, while the direct incident field is weaker at large offsets. However, the responses are less strong than the cases of having a single big reservoir. 
Accuracy of EBA and IEBA at the reservoir level
Up to now the accuracy of the iterative extended Born approximation has been demonstrated at the receiver level. In order to use the method for inverse modeling, the accuracy must be high at the reservoir level as well. The extended Born approximation has already been proposed and successfully used in the inverse problems for buried objects (Torres-Verdin & Habashy, 2001 ). Also high order solutions have been implemented successfully for low frequency inversion of 3D buried objects (Cui et al., 2006) . Now we investigate the accuracy of the iterative extended Born approximation. In Figure  15 and 16 we can see that IEBA gives accurate result at the reservoir level along the x-axis while y=0 and the center along the vertical direction of the reservoir z is 1150 m from the sea floor. Figure 15 shows the scattered field responses of the full solution and the approximation at the reservoir level for one single reservoir.
In this figure the cross plots are along the source in x-direction and the source is located 25 m above the sea bed above the middle of the reservoir.
In Figure 16 the normalized difference in percent; between the CG-FFT result and the iterative extended Born approximation result along the line shown in Figure 15 . The normalized error is in average less than four percent, while the maximum error is less than ten percent. It means this method can work well also for inverse modeling.
CONCLUSIONS
An iterative extended Born approximation is proposed here to solve 3D diffusive electromagnetic field scattering problems based on the integral equation method. Theoretical formulations and numerical results, where the unknown object is an modeled reservoir in the lay-ered earth, are discussed. We have shown that the iterative method gives better results than the EBA, even when we have several adjacent scattering objects. The improved accuracy comes at virtually no additional computational cost. We have shown that this method can be a good candidate for inverse modeling, because it gives quite accurate electric field results inside the reservoir that allows for accurate conductivity estimations inside the reservoir. Sensitivity analysis as a function of the source position and different reservoir sizes verified the accuracy of the IEBA. It was found that the accuracy decreases with increasing the size of the reservoir.
